Abstract. We adapt the concept of shrinking projection method of Takahashi et al. [J. Math. Anal. Appl. 341(2008), 276-286] to the iteration scheme studied by Kim and Lee [Kyungpook Math. J. 48(2008), 685-703] for two relatively weak nonexpansive mappings. By letting one of the two mappings be the identity mapping, we also obtain strong convergence theorems for a single mapping with two types of computational errors. Finally, we improve Kim and Lee's convergence theorem in the sense that the same conclusion still holds without the uniform continuity of mappings as was the case in their result.
Introduction and Preliminaries
Many problems in nonlinear analysis, for example, variational problem, convex feasibility problem, equilibrium problem, etc., can be formulated as a problem of finding a fixed point of a certain mapping or a common fixed point of a family of mappings. Iterative method plays an important role in approximation of such a point. This paper deals with a class of nonlinear mappings which is closely related to the resolvent of maximal monotone operators (see [1, 2, 11, 12] ).
Let C be a nonempty subset of a real Banach space E, let T be a mapping from C into itself. Throughout the paper, we denote strong convergence of a sequence {x n } in E to x ∈ E by x n → x, weak convergence by x n ⇀ x. A point p ∈ C is an asymptotic fixed point (a strongly asymptotic fixed point, resp.) of T if there exists a sequence {x n } in C such that x n ⇀ p (x n → p, resp.) and x n − T x n → 0. We denote F (T ), F (T ) and F (T ) by the set of fixed points of T , asymptotic fixed points of T and strongly asymptotic fixed points of T , respectively. A Banach space E is said to be strictly convex if ∥x+y∥ 2 < 1 for x, y ∈ S(E) = {z ∈ E : ∥z∥ = 1} and x ̸ = y. It is also said to be uniformly convex if for each ϵ ∈ (0, 2], there exists δ > 0 such that ∥x+y∥ 2 < 1 − δ for x, y ∈ S(E) and ∥x − y∥ ≥ ϵ. The space E is said to be smooth if the limit lim t→0 ∥x + tx∥ − ∥x∥ t exists for all x, y ∈ S(E). It is also said to be uniformly smooth if the limit exists uniformly in x, y ∈ S(E).
Let E be a smooth Banach space. Throughout this paper, we denote by φ the function defined by
where J is the normalized duality mapping from E to the dual space E * given by the following relation ⟨x, Jx⟩ = ∥x∥ 2 = ∥Jx∥ 2 .
We know that if E is smooth, strictly convex and reflexive, then the duality mapping J is one-to-one and onto. Following Matsushita and Takahashi [7] , a mapping T : C → E, where C is a nonempty subset of a smooth Banach space E, is said to be relatively nonexpansive if the following conditions are satisfied:
If T satisfies (R1), (R2) and
then T is called a relatively weak nonexpansive mapping [16] . Relative nonexpansiveness implies relatively weak nonexpansiveness but the converse is not true. The following interesting example (see [4, 15, 17] ) shows that there exists a relatively weak nonexpansive mapping which is not a relatively nonexpansive mapping.
Let {x n } ⊂ E be a sequence defined by
Then the mapping T is relatively weak nonexpansive but not relatively nonexpansive.
For a closed convex subset C of a smooth, strictly convex and reflexive Banach space E, Alber [1] introduced the generalized projection Π C from E onto C as follows:
If E is a Hilbert space, then φ(y, x) = ∥y − x∥ 2 and Π C becomes the metric projection of E onto C. It is clear that Alber's generalized projection is a relatively nonexpansive mapping. For more example, see [6, 9] .
In 2004, Masushita and Takahashi [6, 7] proved convergence theorems for finding a fixed point of a single relatively nonexpansive mapping. The purpose of this paper is to prove strong convergence of the sequence generated by the shrinking projection method introduced by Takahashi et al. [13] and the hybrid method introduced by Nakajo and Takahashi [8] . We strengthen the result of Kim and Lee [5] in the sense that the same conclusion still holds without the uniform continuity of mappings as was the case in [5] .
Lemma 1.2([3]). Let E be a smooth and uniformly convex Banach space and let r > 0. Then there exists a strictly increasing, continuous, and convex function
for all x, y ∈ B r := {z ∈ E : ∥z∥ ≤ r}.
Lemma 1.3([3, Proposition 2])
. Let E be a smooth and uniformly convex Banach space and let {x n } and {z n } be two sequences of E. If either {x n } or {z n } is bounded and lim n→∞ φ(x n , z n ) = 0, then lim n→∞ ∥x n − z n ∥ = 0.
Lemma 1.4([3, Proposition 5]). Let C be a nonempty closed convex subset of a smooth, strictly convex and reflexive Banach space E. Then
for all x ∈ C and y ∈ E. 
for all x, y ∈ B r and t ∈ [0, 1].
Lemma 1.6([5, Lemma 2.3]). Let C be a nonempty closed convex subset of a smooth
Banach space E, x, y, z ∈ E and λ ∈ [0, 1]. If a ∈ R, then the set
is closed and convex.
The following result is an analogue of Xu's inequality [14] with respect to φ.
Theorem 1.7. Let E be a smooth Banach space. Then, for any x, y, u ∈ E and
α ∈ [0, 1], φ(u, J −1 (αJx + (1 − α)Jy)) ≤ αφ(u, x) + (1 − α)φ(u, y).
In addition, if E is a uniformly smooth Banach space and r > 0, then there exists a strictly increasing, continuous, and convex function
for all α ∈ [0, 1], x, y ∈ B r and u ∈ E.
Proof. Since the first inequality can be extracting from the proof of latter inequality, we omit the proof. For the latter inequality, let x, y ∈ B r . Note that E is uniformly smooth if and only if E * is uniformly convex. By Lemma 1.5, there exists a strictly increasing, continuous, and convex function g : [0, 2r] → R such that g(0) = 0 and
Result
Motivated by the iterative sequence studied by Kim and Lee in [5] and the shrinking projection method introduced by Takahashi et al. in [13] , we prove the following theorem. 
Proof. First, we prove that {x n } is well defined. From Lemma 1.6, we can prove by induction that C n is closed and convex for all n ≥ 1. Next we claim that F ⊂ C n for n ≥ 1. Clearly,
Then, it follows from Lemma 1.7 that
So, p ∈ C k+1 . By induction, we get the claim. Hence {x n } is well defined. Second, we show that {x n } is a Cauchy sequence. By x n+1 = Π Cn+1 x 0 and x n+1 ∈ C n , we have
for all n ∈ N. Thus {φ(x n , x 0 )} is non-decreasing and bounded. This implies that lim n→∞ φ(x n , x 0 ) exists and hence {x n } is bounded. Since x n+m ∈ C n+m ⊂ C n for all n, m and x n = Π Cn x 0 , we have
Since {x n } is bounded, it follows from Lemma 1.2 that there exists a strictly increasing, continuous, and convex function h such that h(0) = 0 and
Since lim n→∞ φ(x n , x 0 ) exists, we have {x n } is a Cauchy sequence.
Suppose that x n → z ∈ E. We finally prove that z = Π F x 0 . Since β n → 1 and {e n } is bounded, we have
Consequently, we get that
Using Lemma 1.3 and {x n } is bounded, we have
Since J is uniformly norm-to-norm continuous on bounded sets, we get that 
By the properties of g, we have
Since J −1 is uniformly norm-to-norm continuous on bounded sets, we have
and hence lim
Since both T 1 and T 2 are relatively weak nonexpansive, we get that z ∈ F (T 1 ) ∩ F (T 2 ). From x n = Π Cn x 0 and F ⊂ C n , we get that
A careful reading of the proof of Theorem 2.1 gives the following result for the case T 1 = identity with a weaker assumption lim sup n→∞ α n > 0. 
From the proof of Theorem 2.1 we also have the following result for the case T 2 = identity with a weaker assumption lim sup n→∞ ( 
The following result is an improvement of [5, Theorem 3.1] in the sense that the uniform continuity of T 2 is not assumed. Recall that the set of all weak subsequential limits of a sequence {x n } is denoted by ω w {x n }, that is, ω w {x n } = {p : ∃{x n k } ⊂ {x n } such that x n k ⇀ p}. Proof. We employ the proof of [5] and obtain that 
